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Abstract
The flavor transformation in a dense neutrino gas can have a significant impact on the physical and chemical evolution of its
surroundings. In this work we demonstrate that a dynamic, fast flavor oscillation wave can develop spontaneously in a one-
dimensional (1D) neutrino gas when the angular distributions of the electron neutrino and antineutrino cross each other. Unlike
the 2D stationary models which are plagued with small-scale flavor structures, the fast flavor oscillation waves remain coherent in
the dynamic 1D model in both the position and momentum spaces of the neutrino. The electron lepton number is redistributed and
transported in space as the flavor oscillation wave propagates, although the total lepton number remains constant. This result may
have interesting implications in the neutrino emission in and the evolution of the compact objects such as core-collapse supernovae.
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1. Introduction
Dense neutrino gases exist in the early universe and at the
early epochs of some compact objects such as core-collapse su-
pernovae and neutron star mergers. The transformation or os-
cillations between the electron-flavor (anti-)neutrinos and other
neutrino species in these environments can have important con-
sequences on their physical and chemical evolutions. However,
the well-known flavor oscillation mechanisms through vacuum
mixing or the Mikheev-Smirnov-Wolfenstein (MSW) effect [1,
2] do not operate in such environments because of the presence
of large matter densities. Through the neutrino-neutrino for-
ward scattering [3–5], the whole neutrino gas can experience
flavor transformation collectively (e.g., [6–8]; see also [9, 10]
for reviews). When the angular distributions of νe and ν¯e cross
each other (and the other neutrino species have the same emis-
sion properties), the collective oscillations can occur on dis-
tance/time scales of ∼ GFnν [11, 12], where GF and nν are the
Fermi coupling constant and the neutrino density, respectively.
The rapid progress in this research area may lead to a revolution
in the current understanding of the supernova physics.
With a few exceptions [13–15], the existing studies of the
fast neutrino oscillations focus on the dispersion relations (DR)
of the flavor oscillation waves and the associated instabilities
which are derived from the linearized equations of motion (EoM)
that govern the flavor transformation of the neutrino medium
[16–26]. An important reason for the lack of research in fast
neutrino oscillations in the nonlinear regime is the large di-
mensionality of the problem (which has a total of seven di-
mensions in the time, coordinate and momentum spaces). The
only studies that investigate the nonlinear regime either make
the assumption of the complete homogeneity [14] or use a toy
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model with just a few (anti-)neutrino beams [15] or do both
[13]. In this work we study a one-dimensional (1D) neutrino
gas of many neutrino momentum modes with the translation
symmetries imposed along the x and y directions and the axial
symmetry about the z axis. Using this model we demonstrate
how a small perturbation in an almost homogeneous flavor dis-
tribution can give rise to a dynamic, nonlinear flavor oscilla-
tion wave which redistributes and transports the electron lepton
number across space.
2. Equations of motion
We consider the mixing between two neutrino flavors, νe
and ντ with ντ being an appropriate linear combination of the
physical νµ and ντ. The flavor content of the neutrino medium
at time t and position ~r can be described by the neutrino flavor
density matrix ρ~p(t,~r) with ~p being the momentum of the neu-
trino [27]. The diagonal elements of ρ (in the weak-interaction
basis) give the number densities of the neutrinos in the corre-
sponding flavors, and the off-diagonal elements are the coher-
ences. The flavor density matrix ρ¯~p(t,~r) of the antineutrino is
defined similarly. In the absence of collisions, the neutrino fla-
vor density matrix obeys the EoM (see, e.g., Ref. [28] and the
references therein)
i(∂t + vˆ · ~∇)ρ~p =
[
M2
2ε
+ Hmat + Hνν, ρ~p
]
, (1)
where ε = |~p|, vˆ = ~p/ε and M2 are the energy, velocity and the
mass-square matrix of the neutrino, respectively. In the above
equation, Hmat =
√
2GFnediag[1, 0] is the matter potential with
ne being the net electron number density, and
Hνν =
√
2GF
∫
(1 − vˆ · vˆ′)(ρ~p′ − ρ¯~p′ ) d
3p′
(2pi)3
(2)
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is the neutrino potential.
We will focus on the fast oscillations for which the M2 in
Eq. (1) can be ignored apart from seeding the initial perturba-
tions [11, 12]. We assume that neutrinos are in (almost) pure
weak-interaction states with uniform densities initially and that
ne is constant and uniform. For simplicity, we further assume
that the neutrino gas possesses a perfect axial symmetry about
the z axis which is also a symmetry of the EoM. In this case, it is
convenient to define the initial (angular) electron lepton number
(ELN) distribution of the neutrinos to be [17]
G(u) =
2pi
nνe
∫ ∞
0
[( fνe − fντ ) − ( fν¯e − fν¯τ )]
ε2dε
(2pi)3
, (3)
where u = vz is the velocity component of the neutrino along
the z axis, and fν(~p) and nν =
∫
fν(~p)
d3p
(2pi)3 are the occupation
number and the number density of the neutrino species ν ini-
tially. Because the dependence of the neutrino energy appears
only through the vacuum mixing term in the EoM, the fast oscil-
lations of both the neutrinos and antineutrinos of the same value
of u but different energies can all be represented by a single nor-
malized flavor polarization vector P(t, z, u) which is related to
the flavor density matrix by Pi ∝ tr(ρσi) (i = 1, 2, 3) with σi
being the Pauli matrices. A polarization vector P = [0, 0, 1] in-
dicates that the (anti)neutrino is in the electron flavor. Such a
flavor polarization vector has the EoM
(∂t + u∂z)P =
[
λe3 + µ
∫ 1
−1
(1 − uu′)G′P′ du′
]
× P, (4)
where ei (i = 1, 2, 3) are the unit vectors in flavor space, λ =√
2GFne and µ =
√
2GFnνe are the strengths of the matter and
neutrino potentials, respectively, and G′ and P′ are the corre-
sponding quantities that depend on u′.
The ELN distribution at the spacetime point (t, z) is given
by G(u)P3(t, z, u). From Eq. (4) one can easily deduce the ELN
conservation law [29]
∂t〈P3〉 + ∂z〈uP3〉 = 0, (5)
where 〈 f 〉 = ∫ 1−1 G(u) f (u) du for an arbitrary function f (u). Un-
like in a homogeneous neutrino gas [30], the ELN density 〈P3〉
is no longer constant, and the ELN can be redistributed and
transported in space.
In the rest of the paper, we measure the distance and time
in the unit of µ−1 by setting µ = 1. We will also assume λ =
0. For a finite and constant matter density, this is equivalent
to choosing a reference frame which rotates about e3 with an
angular frequency λ. Such a transformation does not change
the value of P3 which determines the conversion probability
between the two neutrino flavors [31].
3. Convective and absolute instabilities
In the limit P⊥  1, where P⊥ is the magnitude of the com-
ponent of P that is perpendicular to e3, Eq. (4) can be linearized
by dropping the terms of O(P2⊥) or higher. From the linearized
EoM one can derive the DR Ω(K) of the collective oscillation
wave [17] which is of the form
S (t, z, u) = P1 − iP2 ∝ ei(Kz−Ωt), (6)
where Ω and K are the frequency and wavenumber of the col-
lective oscillation wave, respectively. The neutrino gas pos-
sesses a flavor instability if there exists a DR branch with Im(Ω) >
0. In this case, P⊥ grows exponentially with time and signifi-
cant flavor transformation can ensue. The flavor instabilities
can be either convective or absolute [20]. For a convective in-
stability, a perturbation moves away from its origin as it grows
in both amplitude and extent. In contrast, the perturbation still
embraces the point of the origin during the growth of an abso-
lute instability [32].
To demonstrate these two kinds of instabilities, we consider
two ELN distributions, G3a and G4b, both of which are of the
form
G(u) = g(u, 0.6) − αg(u, 0.53), (7)
where g(u, ξ) ∝ exp[−(u−1)2/2ξ2] with normalization ∫ 1−1 g du =
1, and α = 0.9 for G3a and 0.92 for G4b, respectively. (These
distributions are shown as the solid curves in Fig. 4.) We com-
puted the (collective) DR branches for both distributions and
show them in Fig. 1.
The ELN distributions of the dynamic model studied in this
work can be classified into six categories according to the ana-
lytic properties of their DRs with no ELN crossing for the distri-
butions in category I and deepest crossings in category VI [24].
Distributions G3a and G4b fall into categories III and IV, respec-
tively, and illustrate the difference between the convective and
absolute instabilities. DistributionG3a has a convective instabil-
ity which is associated with a pair of complex-Ω and complex-
K DR branches (shown as the dotted and dashed curves, respec-
tively) in the lower left quadrant (delineated by the horizontal
and vertical dot-dashed lines) of the upper left panel of Fig. 1.
These two branches originate from the same (critical) point in-
side the forbidden region (shown as the shaded region) and end
at two separate (critical) points on the same real DR branch
(shown as the solid curve). A separate complex-K branch con-
nects from the real branch to the horizontal dot-dashed line
from below. As the ELN crossing becomes deeper and G3a be-
comes G4b, these two complex-K branches fuse together and
bypass the real branch (on a different Riemann plane). This
indicates that the convective instability has become absolute.
Similar process has occurred for the complex-K branches above
the horizontal dot-dashed line as the ELN distribution evolve
from category II to III which produce similar absolute instabil-
ities for both G3a and G4b. (See Ref. [24] for more details.)
To demonstrate the natures of the instabilities, we solved
Eq. (4) with a variant of the numerical code which solves the
stationary 2D neutrino line model [33]. The calculations were
performed on a 1D lattice of 24, 000 points equally spaced on
the z axis in a periodic box of size L = 1200. We assumed the
initial condition
P(0, z, u) = [(z), 0,
√
1 − 2(z)] (8)
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Figure 1: The various DR branches of the fast flavor oscillation waves in the dense neutrino gases with the initial ELN distributions G3a (left) and G4b (right),
respectively. The results are obtained using the continuous ELN distributions except for the solid curves in the bottom panels which are calculated with 200 discrete
angle bins. Unlike in the early references such as [17, 24], the values of Ω and K shown here are not shifted by
∫ 1
−1 G(u)du and
∫ 1
−1 uG(u)du (which are shown as the
horizontal and vertical dot-dashed lines, respectively). The so-called forbidden regions which are avoided by the real DR branches are shown as the shaded regions.
with
(z) = 0 e−(z−z0)
2/50, (9)
where 0 = 10−6 and 10−7 for the cases with G3a and G4b, re-
spectively, and z0 = L/2. The width of the initial perturbation
is chosen in such a way that it is well resolved on the lattice in
the coordinate space and that it encompasses both complex-Ω
branches in the Fourier space. We used 200 equally spaced an-
gle bins for u ∈ [−1, 1] which reproduce the correct Im(Ω) in
the linearized flavor stability analysis (lower panels of Fig. 1).
We verified that the Fourier transform of P(t, z, u) has the same
exponential growth rate as what is predicted by this analysis.
Unlike stationary 2D models [34, 35], however, there are no
unstable spurious modes in this model.
In Fig. 2 we show P⊥(t, z,−0.5) for a few snapshots in both
cases. For the gas with G3a, the initial perturbation splits into
two at later times. One part of the perturbation is advected
toward the left with an almost constant peak amplitude and a
velocity V ≈ −1. The other part of the perturbation moves
toward the right while growing in both amplitude and extent.
The leftward advection of one part of the perturbation is due
to the section of the real DR branch with the group velocity
V = dΩ/dK ≈ −1. The growth and expanding of the other
part of the perturbation is because of the convective instability
which was previously explained. The absolute instability ofG3a
is dwarfed by the convective instability and cannot be clearly
identified in this calculation. The behavior of the neutrino gas
withG4b is similar to that withG3a with an important difference.
Because the growing perturbation is caused by an absolute in-
stability in this case, it expands both right and (slightly) left,
although its peak still moves rightward. (This is clearly seen by
comparing, e.g., the green dot-dashed curves and the red dotted
ones in the figure.)
4. Nonlinear regime
To study the fast oscillations in the nonlinear regime, we
again consider the neutrino gases with the initial ELN distri-
butions G3a and G4b. We assume the same initial conditions
described by Eqs. (8) and (9) but with 0 = 0.1 for both cases.
We also use a larger box with L = 2400 resolved by 48, 000
lattice points.
In the top and middle panels of Fig. 3 we show a few snap-
shots of each components of the polarization vectors P of the
right going neutrino beams. In both cases, the initial small
perturbations grow into flavor oscillation waves which are de-
scribed by the precession of P in the plane perpendicular to the
flavor axis e3. The regions in which the waves exist extend with
time as they propagate. Similar to the linear regime, the wave
region moves slowly away from the origin of the perturbation in
the gas with the G3a distribution, but continues to embrace the
origin of the perturbation in the gas with the G4b distirbution.
In the bottom panels of Fig. 3 we show the ELN density
〈P3〉 for the same snapshots as in the top and middle panels. In-
stead of having a uniform spatial distribution, the lepton num-
ber is transported and redistributed as the neutrino oscillation
waves propagate. Specifically, 〈P3〉 develops a dip near the end
of the wave, an extensive plateau in the forepart of the wave,
and some oscillations in between. In Fig. 4 we show the ELN
distribution GP3 at t = 900 for two representative positions in
each case, one in the dip, and the other on the plateau. On the
plateau the flavor conversion occurs almost completely in the
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Figure 2: The perpendicular components P⊥ of the neutrino polarization vectors of u = −0.5 as functions of the position z at various times t (as labeled). The
neutrino gases are confined within a periodic box of size L = 1200 with similar initial perturbations as specified in Eqs. (8) and (9) but with different magnitudes:
0 = 10−6 for the gas with the G3a distribution (left panel) and 10−7 for G4b (right panel).
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Figure 3: The polarization vectors (P1 as solid curves and P2 as dotted curves in the top panels, and P3 in the middle panels) of the neutrino gases for the right
going beams and the ELN density 〈P3〉 (bottom panels) as functions of position z at various times t (as labeled). The curves are offset from each other (by 2 units in
the top and middle panels, 0.03 in the bottom left panel, and 0.1 in the bottom right panel) for clarity. The setups of the calculations are similar to those in Fig. 2
except with a larger box size L = 2400 and a larger initial perturbation (0 = 0.1 for both G3a and G4b).
forward direction where G(u) < 0, while in the dip the flavor
conversion occurs across the entire angular distribution.
In Fig. 5 we show the components of P for all neutrino
beams at t = 900. Unlike in the stationary 2D models which
are plagued with small-scale flavor structures [33, 36, 37], a co-
herent flavor oscillation pattern is clearly seen in both neutrino
gases.
5. Discussion and conclusions
In this work we studied the fast flavor oscillation waves in
two 1D neutrino gases with the ELN distributions that are sim-
ilar to what have been found in the neutrino decoupling region
of some supernova models [23]. By solving the EoM numeri-
cally that governs the fast oscillations, we demonstrated that the
initial ELN distributions which satisfy the corresponding crite-
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Figure 4: The comparison of the initial ELN distributions (t = 0, solid curves) and those at a couple of different spacetime points (t, z) (dashed and solid curves) for
the calculations described in Fig. 3.
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Figure 5: The three polarization components, P1 (top panels), P2 (middle panels), and P3 (bottom panels), of the neutrino gases in the calculations described in
Fig. 3 at t = 900.
ria given in Ref. [24] are indeed associated with convective and
absolute instabilities in the linear regime. Because of these in-
stabilities, a small perturbation in an initial flavor distribution
that is almost uniform in space can develop into a fast oscilla-
tion wave which both propagate and extend in space. Although
the distinction between the convective and absolute instabili-
ties is relative and depends on the choice of the reference frame
[38], it is of practical value for supernova physics because one
almost always chooses the proto-neutron star to be at rest.
Although the model that we used in this work has the same
number of total dimensions as the stationary 2D models [33,
36, 37], their behaviors are entirely different in the nonlinear
regime. While the stationary 2D models are plagued with spu-
rious instabilities and teemed with small-scale flavor structures,
there is no spurious instability in the dynamic 1D model, and
the flavor oscillations remain coherent for the neutrinos with
different momenta and at different locations.
Our findings can have interesting implications for super-
nova physics. The neutrino emission properties and even the
explosion dynamics of the core-collapse supernova can be af-
5
fected as fast oscillations induce large-amplitude flavor conver-
sions and transport the lepton numbers. Following the previ-
ous studies of the fast neutrino oscillations in the linear regime
[16, 23, 39], this work calls for more self-consistent supernova
simulations such as [40] with detailed information of the an-
gular distributions of the neutrinos emitted. In the future one
should also consider the feedback to the electron distribution
due the fast neutrino flavor conversions.
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